My research activity so far seems to lie in two main areas, which I have called noncommutative algebra and concrete mathematics for the purposes of this summary. The following contains a description of past research and a discussion of topics on which (at date of writing) I think I would work in the next few years, if I were on a desert island (with a reasonable library). Of course, things have not always turned out as expected in the past. I am always on the lookout for interesting new problems (and coauthors!) 1. NONCOMMUTATIVE ALGEBRA My work here centres around the study of associative algebras which have proved important in other areas. The focus so far has been on (skew, twisted, quantized) enveloping algebras of Lie (super, colour) algebras; actions of Hopf algebras on algebras; nonmatrix identities of algebras. There are interactions with and potential applications to group theory, Lie algebras, mathematical physics, representation theory and combinatorics.
interplay between such actions and the ring structure of smash products R#H, crossed products R £H and more general (for example, faithfully flat Galois) H-extensions is the chief focus. The concept of faithfully flat Galois extension, extensively developed by Schneider, unifies many examples arising in applications (such as certain quantum algebras at roots of 1.) A special case of particular interest to me is that of restricted enveloping algebras H u´Lµ. For example, I showed in [Wil97] that the 3 definitions in the literature of crossed products by u´Lµ are all equivalent.
The recent paper of Montgomery and Schneider [MS] studies faithfully flat Hopf Galois extensions and the behaviour of prime ideals (for example, the classical Krull relations) in such extensions. In [Wilb] I reworked the basic material and made a thorough study of analogous results for maximal and primitive ideals. Among other things I showed that every pointed H satisfies all the Krull relations for its primitive and prime spectra, except possibly INC (every nonzero primitive ideal P of A intersects to a nonzero ideal of R).
In I [Wilb] I concentrated on two important possible properties of semisimple H, namely strong semiprimitivity (if R is semiprimitive then so is R#H) and the semisimple induction property (every simple R-module induces a semisimple R#H-module of finite length). There is no semisimple H which is known not to satisfy these conditions. Currently there is much interest in semisimple H, with many new examples having been discovered and a move afoot to classify them over the complex numbers (see [Mon] . In these papers we showed, among other things, that if A satisfies the Engel condition as a Lie ring then the multiplicative semigroup of A satisfies an identity, and that the converse holds if A is unital and K is infinite. The former result is an analogue of Zelmanov's famous theorem for Lie algebras and the latter is an analogue of a problem of Shirshov which is still open for groups. Riley and I have characterized group algebras and enveloping algebras whose augmentation ideals satisfy a nonmatrix identity in [RW3] . In addition we have obtained decent results for semigroup identities.
So-called powerful p-groups and pro-p groups have recently been used to great effect to solve many problems in group theory [DdSMS91] . Analogues of the idea have been developed for restricted Lie algebras [RS94] . Suppose that char K p 0. The usual filtration of K G℄ by powers ω i of the augmentation ideal gives rise to the graded algebra gr K G℄. Also, the filtration of G by the dimension subgroups ω i G yields a restricted Lie algebra structure L K´G µ on the associated graded module, and in fact gr K G℄ u´L K´G µµ. It turns out that a finite p-group is powerful if and only if L K´G µ is powerful, which occurs if and only if gr K G℄ is commutative. Thus one may define powerful groups in a purely ring-theoretic way. Other ring-theoretic properties are importanta theorem of Shalev says that a pro-p group has finite rank (equivalently, it is a p-adic Lie group) if and only if gr K G℄ satisfies a polynomial identity.
Riley and I propose to define powerful objects in the associative algebra setting, in such a way that results on these will apply in a unified way to nil algebras and also, via augmentation ideals, to (pro)-p-groups and p-nilpotent restricted Lie algebras.
Shorter term problems: Study powerful algebras (probably finite-dimensional nilpotent algebras A with gr A commutative), and systematically try to obtain results suggested by those in [DdSMS91] on powerful finite p-groups. An example: the minimum number of generators of A is no less than the minimum number of generators of any subalgebra.
Deal with the outstanding case from [RW3] of KG where char K 2 and G has 2-torsion. Longer term problems:
Suppose that if A is finitely generated nil. Show that A is nilpotent under a variety of commutativity or finiteness conditions, such as: A is powerful (once this is properly defined); GK´Aµ ∞. Note that the group analogues (Burnside problems) are known to be true, and that similar results are known to hold if A is PI or noetherian. Kaplansky's problem -if ω´KGµ is nil, is it necessarily locally nilpotent (so that G is a locally finite pgroup)? Note that the counterexamples to the Burnside problem yield augmentation ideals that are not nil. Show that the algebra structure of KG determines the group G if G is a (suitably conditioned, e.g. powerful) finite p-group and char K p.
Enveloping algebras. Let L L 0 Ù L 1 be a finite-dimensional simple Lie superalgebra over an algebraically closed field of characteristic zero. Much more emphasis has been placed on the classical simple L than on the Cartan type algebras. This is natural since deeper results (for example, character formulae) are more readily available in the former case. However if the ultimate goal is applications (say to physics where these algebras arose) then there is no reason to expect that the latter class will not be required. I aim to further the study of the enveloping algebras of the Cartan type algebras in as systematic a way as possible. For Lie algebras there is now a very large and well-developed theory describing PrimU , following the general programme outlined by Dixmier. In the superalgebra case, even the Jacobson radical J of U is not well understood.
Bell [Bel90] found a simply stated (but nontrivial to verify in examples) sufficient condition for U to be prime. Recently [Wila] I have completed the determination, for all simple L, whether or not U satisfies Bell's criterion.
It has been conjectured that, in fact, U always has a unique minimal prime ideal, necessarily equal to J. Bergen and Passman [BP] extended work of E. Letzter and Kirkman and Kuzmanovich [KK96] to show that it is true for solvable L. [LM94] have shown that, if F is the set of all primitive ideals of finite codimension, then Ì F 0 (that is, the finite-dimensional irreducibles suffice to distinguish points). if and only if J 0 and L is classical simple. This generalizes a theorem of Harish-Chandra. From my work on Cartan type simple algebras [Wila] , it follows that there are simple L such that J 0 but
Now Letzter and Musson
Semicommutative algebras were named by McConnell [McC90] and are algebras R with a filtration by AE such that gr R is a coordinate algebra of a "quantum n-space" (called a quasipolynomial algebra by DeConcini and Procesi). These algebras have the form K X x i x j q i j x j x i with q i j ¾ K £ . Many naturally occurring quantum algebras have such a filtration. These include for example some quantized enveloping algebras of semisimple Lie algebras [McC90] , coordinate rings of quantum Euclidean and symplectic space [Mus] , q-analogues of the enveloping algebra of the Heisenberg algebra [KS93] and (Goodearl's) quantum Weyl algebra A 1´ ; qµ. In addition, the enveloping algebra of a Lie colour algebra with no odd elements also has this structure. Thus the study of semicommutative algebras seems very worthwhile. One should probably use the theory of almost and somewhat commutative algebras as a guide.
In collaboration with Jeffrey Bergen, I have so far studied X -inner automorphisms of semicommutative algebras [BW] . We have generalized and improved results of Montgomery [Mon81] and several other authors. Many other aspects of these algebras remain to be looked at.
Shorter term problems: Verify that Bell's criterion is necessary for simple L (there is only one case left, namely L W´2n · 1µ). Investigate the relationship between semicommutative algebras and the "generalized Weyl algebras" studied by Bavula and Jordan. Longer term problems:
In the cases where J 0 and L is of Cartan type (so Letzter-Musson does not apply), find a nice set of primitive ideals with intersection zero. Show that U´Lµ always has a unique minimal prime ideal if L is simple (this has been shown for L solvable and the only outstanding simple cases are W´2n · 1µ and S´2n · 1µ).
CONCRETE MATHEMATICS
This term is taken from the book [GKP94] , though I use it in a slightly different sense. Here it is a blanket heading for combinatorial, discrete, computational and experimental mathematics. I have made considerable use of computer packages MAPLE and MAGMA in my work, and there is a strong experimental aspect to much of my work on Lie superalgebras and in the section below. I would dearly like to see computational noncommutative ring theory and Lie algebra theory developed far more than they have been, though given the current state of my knowledge this will have to be a very long-term plan.
Information dissemination in communication networks. I am currently (in collaboration with Michael Dinneen, Geoffrey Pritchard and Golbon Zakeri) studying broadcasting in graphs. Broadcasting is a process in which a message originating from a node must be transmitted to all other nodes, subject to the restrictions that at each time step, a node can send to or receive from at most one neighbour. The minimum time necessary for this process Regardless of originator is the broadcast time b´Gµ of the given connected graph G ´V Eµ.
In many applications (such as the interconnection of parallel processors) physical constraints require that the maximum degree ∆´Gµ be not too large. A basic problem is: for a given T and D, construct graphs which have as many nodes as possible, subject only to b´Gµ T and ∆´Gµ D. The maximum possible value of V we denote by B´D T µ. This relatively little-studied problem differs from my previous work (with Dinneen, Zakeri and José Ventura) in [DVWZ1, DVWZ2] , where D was arbitrary and the aim was to minimize E given V . Even in this situation the computation of b´Gµ cannot be achieved by a polynomial-time algorithm and so it is reasonable to concentrate on exact calculations for small values of the parameters, random constructions and compound constructions, all of which we are pursuing.
We have improved upper bounds on B´D T µ and established a lower bound which is exponential in T . Since the case D 2 is trivial we are concentrating first on cubic (D 3) graphs. Symmetry is also very desirable in applications, so restricting the problem to vertex-transitive graphs or even to Cayley graphs of groups is reasonable. With computer help we have already bettered the previous best-known lower bounds for several specific small values of T and D. The results will appear in [DPW1] . We have begun to tackle the difficult problem of calculating the broadcast time of an arbitrary (finite, transitive) graph. We have developed a branch and bound type method of growing a broadcast tree which seems promising.
Shorter term projects: Work on an idea we have of finding a broadcast tree by pivoting between spanning trees in a systematic way. Small examples show that this seems to work well, but a unified pivoting scheme eludes us so far. Longer term projects:
Formulate the calculation of broadcast time as an integer programming problem, and solve it. Continue the investigation of some interesting families of finitely presented groups, arising in [DPW1] , whose Cayley graphs appear to have small broadcast time and nice symmetry properties.
